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1. Introduction 

The theory of integration for measures // with values in order com- 
plete vector lattices has inspired the study of (6o)-complete lattice- 
normed spaces i^^(yu) (see, for example, [Ij, 6.1.8). The spaces U'{ij) 
are the Banach-Kantorovich spaces if the measure /i possesses the Ma- 
haram property. In the proof of this fact, description of Maharam 
operators acting in order complete vector lattices plays an important 
role ([Tj, 3.4.3). 

The existence of the center-valued traces in finite von Neumann al- 
gebras makes it natural to construct the theory of integration for traces 
with values in the complex order complete vector lattice Fc = F (B iF. 
If the von Neumann algebra is commutative, then construction of Fc- 
valued integration for it is the component part for the investigation of 
the properties of order continuous maps of vector lattices. 

Let M be a non- commutative von Neumann algebra, let F^ be a von 
Neumann subalgebra in the center of M and let $ : M — > be a 
trace with modularity property: (^{zx) = z^{x) for all 2; G -fc, x G M. 
It is known that the non-commutative L^-space L^{M, $) is a Banach- 
Kantorovich space [2] , [3] . In addition, <I> possesses the Maharam prop- 
erty: if < 2; < $(2;), z G Fc, < a; G M, then there exists < y < x 
such that $(y) = z (compare with [1], 3.4.1). 
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In the present article, we will study the faithful normal traces $ on 
a von Neumann algebra M with values in an arbitrary complex order 
complete vector lattice. We give the full description of such traces in 
the case when $ is a Maharam trace. With the help of the locally 
measure topology in the algebra S{M) of all measurable operators we 
construct the Banach-Kantorovich space L^(M, $) C S{M). We also 
state the version of Radon-Nikodym-type theorem for Maharam traces. 

We use the terminology and results of the von Neumann algebras 
theory (see [Ij, [5j), measurable operators theory (see [BJ, [7J) and order 
complete vector lattices and Banach-Kantorovich spaces theory (see 

DP)- 

2. Preliminaries 

Let if be a Hilbert space, let B{H) be the >K-algebra of all bounded 
linear operators on H, and 1 be the identity operator on H. Let M be 
a von Neumann algebra acting on H, let Z{M) be the center of M and 
P(M) be the lattice of all projectors in M. We denote by Pfin{M) the 
set of all finite projectors in M. 

A densely-defined closed linear operator x (possibly unbounded) af- 
filiated with M is said to be measurable if there exists a sequence 
{Pn}n=i C P{M) such that pn T 1, Pn{H) C D(x) and p^ = l-p^e 
Pfin{M) for every n = 1, 2, . . . (here D{x) is the domain of x). Let us 
denote by S{M) the set of all measurable operators. 

Let X, y be measurable operators. Then x + y, xy and x* are densely- 
defined and preclosed. Moreover, the closures x + y (strong sum), 
xy (strong product) and x* are again measurable, and S{M) is a 
*-algebra with respect to the strong sum, strong product, and the 
adjoint operation (see [6]). It is clear that M is a *-subalgebra in 
S{M). For any subset A C S{M), let Af, = {x e A : x = x*}, 
A+ = {xeA: {x^, > for all ^ e D(x)}. 

Let X G S{M) and x = u\x\ be the polar decomposition, where 
|x| = {x*x)2^ u is a partial isometry in B{H). Then u & M and \x\ G 
S{M). If X G Sfi{M) and {Ex{x)} are the spectral projections of x, 
then {Ex{x)} C F(M). 

Let M be a commutative von Neumann algebra. Then M admits 
a faithful semi-finite normal trace r, and M is ^-isomorphic to the 
*-algebra L°°(fi,S,/i) of all bounded complex measurable functions 
with the identification almost everywhere, where (f2, S, //) is a measur- 
able space. In addition, /i(A) = t{xa)i ^ G S. Moreover, S{M) = 
L^{Q, S, n), where L^{Q, E, fj,) is the *-algebra of all complex measur- 
able functions with the identification almost everywhere [6]. 
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The locally measure topology t{M) on is by definition 

the linear (Hausdorff) topology whose fundamental system of neigh- 
borhoods around is given by 

W{B, e, 6) = {f e L°(fi, S, yu) : there exists a set E e S, such that 

ECB, f,iB\E)^6, /Xi^ \\fXE\\L^in,E,,)^e}. 

Here e, 6 run over all strictly positive numbers and i? G S, fi{B) < oo. 
It is known that {S{M),t{M)) is a complete topological *-algebra. 

It is clear that zero neighborhoods W{B, e, d) are closed and have the 
following property: if / G W{B,e,5), g G L°°{n,E,n), ||^||loo{q,s,/.) < 
1, then gf G W{B,e,6). 

A net {fa} converges to / locally in measure (notation: fa > /) 
if and only if faXB converges to fxB in /i-measure for each B E T, 
with fi{B) < oo. Thus {fa} remains convergent to / if r is replaced 
by another faithful semi-finite normal trace on M. If M is cr-finite, i.e. 
any family of nonzero mutually orthogonal projectors from P{M) is at 
most countable, then there exists a faithful finite normal trace r on 
M. In this case, the topology t{M) is metrizable, and convergence of a 

sequence /„ ^-^—l f is equivalent to convergence of /„ to / in trace r. 

Let now M be an arbitrary finite von Neumann algebra, '■ 
M Z{M) be a center- valued trace on M ([4J, 7.11). Let Z{M) ^ 
L°°(f2, S, The locally measure topology t{M) on S{M) is by def- 
inition the linear (Hausdorff) topology whose fundamental system of 
neighborhoods around is given by 

V{B,e,5) = {x E S{M): there exists p e P{M),z e P{Z{M)) 

such that xp G M, ||xp||m ^ ^, ^ W{B,e,5), ^Mizp^) ^ £z}, 

where || ■ \\m is the C*-norm in M. It is known that, {S{M),t{M)) is a 
complete topological *-algebra [8]. 

The net {xa} C S{M) converges to a; G S{M) in trace $a/ (notation: 

Xa^x)ii ^M{Ei{\xa - x\)) '^^^^ for all A > 0. 

Proposition 2.1. (see [7], ^3.5) Let M be a finite von Neumann al- 
gebra, Xa, X G S{M). The following conditions are equivalent: 
i ■\ *(*^) 

{■■\ ^A-/ 

(m) E^{\xa - x\) for all A > 0. 

Let r be a faithful semi-finite normal trace on M. An operator x G 
S{M) is said to be r-measurable if t{E^{\x\)) < oo for some A > 0. 
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The set S'(M, r) of all r-measurable operators is the *-subalgebra in 
S{M), in addition M C S{M,t). If t(1) < oo, then S{M,t) = S{M). 

Denote by t^- the locally measure topology in S{M, r) generated by 
a trace r (see, for example, [9]). If Xa,x G S{M,t) and converges 

to X in topology t^- (notation: Xa — ^ x ), then Xa ^ (H? §3-5). If 
r is finite, then topologies t{M) and t,- coincide ([7j, §3.5). It is known 
that Xa X if and only if T{Ej^{\xa — x\)) for all A > [lOj. 

Denote by T{M) the set of all nonzero finite normal traces on the 
finite von Neumann algebra M. 

Proposition 2.2. Let M be a finite von Neumann algebra, Xa,x G 
S{M). Then 

(i) if Xa ^ X, then \xa\ ^ \x\ and T{E^{\xa — x\)) for all 
\>0 andr e T{M); 

[ii) ifTi{M) is a separating subset of T{M) and T{E^{\xa — x\)) — >• 

for all X > 0, T E Ti(M), then Xa -—^ x. 

Proof, {i) Let r G T{M) and s(r) be the support of a trace r. Then 
s(r) G P{Z{M)) and t{x) = t{xs{t)) for all x G M ([1], 5.15, 

7.13). Since Xq, ^-^—l x, Xas(r) xs(r). The restriction of r on 
Ms{t) is a faithful finite normal trace. Therefore T{E^{\xa — x\)) = 
T{E^{\xas{T) - xs(t)I)) ^ for all A > 0. 

If \xa\ \x\, then there are Aq > 0, r G T{M) such that r(i?3j-^(| 
1^1 I)) 0- The restriction tq of the trace r on Ms(r) is a faithful fi- 
nite normal trace. Therefore convergence XaS^r) xs{t) implies 
3^as(r) xs{t). Using continuity of the operator function ^/y, y G 
S+{Ms{t)) Hi], we obtain 

\Xa\s{T) = a/ {XaS{T))*{XaS{T)) ^ a/ (x*s(r)) (xs(t)) = |x|s(t). 

Hence r(£;3|Q(| \xa\ - \x\ |)) = t{E^^{\ \xa\s{T) - \x\s{t) \)) 0, which 
is not the case. 

{ii) Since Ti(M) is the separating family traces on M, sup s(r) = 

TeTi(M) 

1. Hence there is a family {^ijig/ of nonzero mutually orthogonal cen- 
tral projectors such that sup^;^ = 1, and for any z G /, there exists 

Ti G Ti(M) with Zi < s{Ti) (tl2j, chapter HI, §2). We defined the 
faithful semi-finite normal trace on M as t{x) = ^Tj(x2;j), x G M. 

It is clear that restrictions r and Tj coincide on Mzi. In addition, 
Ti(E3^(|x„^i - xZiD) = Ti{E^{\xa - x\)) for all A > 0, i G /. 

Hence, E^{\xa — x\)zi 0, and therefore E^{\xa — x\)zi -^—l 0. 
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For any finite subset 7 C /, let = ^ Zj. It is clear that t 1 and 

^m{u,) T Hence, $m(«:^) 0, i.e. < 0. 

Let U be an arbitrary neighborhood of in {S{M), t{M)). We choose 
V{B,e,6) such that V{B,e,S) + V{B,e,6) C U. Fix 70 with (1 - 

u^o) G V"(i?, Since E^{\xa — — I 0, there is an ao such 
that — x\)u^g G £, 5) as a > ao- We have aV{B, |, 6)b C 

where a,b E M, \\a\\M ^ 1, ||^||m ^ 1 (see, for example, [7], 
§3.5). Hence 

E^{\xa - x\) = E^{\xa - + E^{\xa - a;|)(l - u^^) E 

V{B,e,S) + V{B,e,5) C f/ 

for all a > aQ. Therefore E^{\xa — x\) ^^—^ for all A > 0. Proposition 
12. II implies that Xa > x. □ 

3. Vector lattice-valued traces 

Throughout the section, let M be an von Neumann algebra, let F 
be an order complete vector lattice, and let Fc = F © be a com- 
plexification oi F. li z = a + i[3 E F^, a, j3 E F, then z := a — and 
l^l := sup{i?e(e^^z) : < ^ < 27r} (seetl|, 1.3.13). 

An Fc-valued trace on the von Neumann algebra M is a linear map- 
ping $ : M ^ Fc given $(x*x) = ^(xx*) > for all x G M. It is 
clear that $(Mfe) C F, $(M+) C F+ = {a G F : a > 0}. A trace $ is 
said to be faithful if the equality $(x*x) = implies x = 0, normal if 
^(Xq,) t $(a:) for every Xa,x E M/j, Xa T 2;. 

If M is a finite von Neumann algebra, then its center-valued trace 
$Af : M —>■ Z{M) is an example of a Z(M)-valued faithful normal 
trace. 

Let A be a separating family of finite normal numerical traces on the 
von Neumann algebra M, = Yl ^t, where = C for all r G A. 

Then $(a;) = {T{x)}r<^A is also an example of an faithful normal C^- 
valued trace on M. 

Let us list some properties of the trace $ : M — > Fc. 

Proposition 3.1. (i) Let x,y,a,b E M. Then 
$(x*) = $(a;), ^(xy) = ^(yx), ^i\x*\) = ^d^l), 
maxb)\ < ||a||M||6||M$(|x|); 
(a) If ^ is a faithful trace, then M is finite; 

[Hi) If Xn,x E M and — x\\m — ^ 0, then |$(x„) — $(x)| relative 
uniform converges to zero; 
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(iv) If M is a finite von Neumann algebra, then $($m(3^)) = ^{x) 
for all X G M; 

(v) + y\) < + for all x,y e M. 

Proof. The proof of (i) and (ii) is the same as for numerical traces (see, 
for example, [5], chapter V, §2). 

The proof of [Hi) follows from the inequality |$(a;„) — ^{x)\ < — 
x\\mH1). 

{iv) Let U{M) be the set of all unitary operators in M. Then ^m{x) 
belongs to the closure of the convex hull co{uxu* : u G U{M)} ([4j, 
7.11). Since ^{uxu*) = ^{u*ux) = ^{x), we get $(?/) = for 
any y G co{uxu* : u G f/(M)}. Therefore, because of {Hi), we have 
$(x) = 

{v) Since |a; + |/| < + * for some partial isometrics tt, v in 

M (see [I3]), we have, by virtue of (i) 

^{\x + y\) < $(m|x|w*) + ^{v\y\v*) = $(m*m|x|) + ^{v*v\y\) 
< $(1x1) + $(12/1). 

□ 

The trace $ : M — Fc possesses the Maharam property if for any 
X G M+, < / < $(x), f & F, there exists a positive y < x such 
that $(?/) = /. A faithful normal Fc- valued trace $ with the Maharam 
property is called a Maharam trace (compare with [Ij, III, 3.4.1). Obvi- 
ously, any faithful finite numerical trace on M is a C- valued Maharam 
trace. 

Let us give another examples of Maharam traces. Let M be a fi- 
nite von Neumann algebra, let ^ be a von Neumann subalgebra in 
Z{M), and let T : Z{M) — ^ be an injective linear positive nor- 
mal operator. If / G S{A) is a reversible positive element, then 
$(T, /)(x) = fT{^M{x)) is an S'(.4)-valued faithful normal trace on 
M. In addition, if T{ab) = aT{h) for all a G ^, 6 G Z(M), then $(T, /) 
is a Maharam trace on M. 

Note that if r is a faithful normal finite numerical trace on M and 
dim(Z(M)) > 1, then $(2;) = t{x)1 is a Z'(M)-valued faithful normal 
trace. In addition, $ does not possess the Maharam property. In fact, 
if p G Z(M), 7^ p 7^ 1, then for all y G M_|_, y < 1 the relation 
$(?/) = r(y)l 7^ T{y)p < $(1) is valid. 

Let F have an order unit Ip- Denote by B{F) the complete Boolean 
algebra of unitary elements with respect to 1^, and by s(a) := supjl^A 

n>l 

n\a\} G B{F) the support of an element a & F. Since |$(a:)| < 



MAHARAM TRACES ON VON NEUMANN ALGEBRAS 



7 



||x||a/$(1) (Proposition \SJ\i)). the inequality s(|$(x)|) < s($(l)) 
holds for all x G M. Let therefore = 1^?. 

Let Q be the Stone representation space of the Boolean algebra 
B[F). Let CooiQ) be the order complete vector lattice of all contin- 
uous functions a : Q ^ [— oo,-|-cx)] such that a~^{{±oo}) is a nowhere 
dense subset of Q. We identify F with the order-dense ideal in Coo(Q) 
containing algebra C{Q) of all continuous real functions on Q. In addi- 
tion, Ip is identified with the function equal to 1 identically on Q ([Ij, 
1.4.4). 

The next theorem gives the description of Maharam traces on von 
Neumann algebras. 

Theorem 3.2. Let $ be an F^-valued Maharam trace on a von Neu- 
mann algebra M. Then there exists a von Neumann subalgebra A in 
Z[M), a ^-isomorphism ip from A onto the *-algebra C{Q)c, an injec- 
tive positive linear normal operator £ from Z{M) onto A with S{1) = 
1, S'^ = S, such that 

1) $(x) = <!>{l)tp{S{<^M{x))) for all x e M; 

2) <^{zy) = HzS{y)) for all z,y e Z{M); 

3) ^{zy) = ijj{z)^{y) for all z E A, y E M. 

Proof Since s($(l)) = If, we get that $i(x) = $(l)"^$(x) is a 
(C(Q))c-valued Maharam trace on M. In addition, $i(l) = If- 

The set Zh{M) is an order complete vector lattice with a strong unit 
1 with respect to algebraic operations, and the partial order induced 
from Mh. Moreover, the Boolean algebra of all unitary elements in 
Zh{M) with respect to 1 coincides with P{Z{M)). Let T be a restriction 
of $1 on Zh{M). Since |$i(x)| < \\x\\m, T{Zh{M)) C C{Q). It is clear 
that T is an injective positive order continuous linear operator. If 
x E Z^{M), < a < Tx = $1(2;), a E C{Q), then there exists 
y E M+ such that y < x and $i(y) = a. By Proposition 13.11 (iv), we 
have a = = $i($m(2/)) = T{^M{y)), moreover, < <I>m(?/) < 

^m{x) = X. Hence, T : Zh{M) C{Q) is a Maharam operator ([!], 
3.4.1). Theorem 3.4.3 from [Tj guarantees the existence of a Boolean 
isomorphism from B{F) onto a regular Boolean subalgebra B in 
P{Z{M)) such that gT{x) = T{^{g)x) for all g E B{F) and x E 
Zh{M). We denote by ^ a commutative von Neumann subalgebra in 
Z{M) generated by B, i.e. A coincides with the bicommutant of B. 
It is known that Ah = {x E Zh{M) : E\{x) E B for all A} where 
{Ex{x)} are the spectral projections of x. The Boolean isomorphism ip 
is extended to the *-isomorphism (p from the *-algebra C((5)c onto the 

n 

von Neumann algebra If a = ^ AjCj is a simple element, Aj G M, 

i=l 
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Cj G B{F), i = 1, . . . , n, then 

n 

T{(p{a)x) = ^ \iT{ip{ei)x) = aT{x) 

i=l 

for all X G ^/j. Furthermore, we note T[(f{a)x) = aT[x) for any a G 
C{Q), X G w4/i. This is obtained by approximating the elements from 
C{Q) by simple elements. Therefore, $i(^(a)x) = a$i(a;) for all a G 
C((5)c, X G in particular, 

<|.i(^(a)) = a (1) 

Hence the restriction Tq of the operator T on is a lattice iso- 
morphism from Ah onto C((5). Therefore Tq is a Maharam operator. 
By Theorem 4.2.9 from [14j, there exists an operator of conditionally 
mathematical expectation £ : Zh{M) Ah satisfying the following 
conditions: 

{El) S is an injective positive order continuous linear operator, = 
£ and £{1) = 1; 

(^2) T{xy) = T{xS{y)) for all x,y e Zh{M); 

{E3) S{zy) = zS{y) for all z e Ah, y e Zh{M). 

The operator S is extended to the operator S : Z{M) — » A. It is 
clear that the condition {El) is satisfied for S, the condition {E2) has 
the form = ^i{xS{y)) for all x,y E Z{M), and the condition 

{E3) is valid for all z E A, y E Z{M). The condition {E2) implies that 

$i(?/) = $1(^(1/)) for all y G Z(M). (2) 
Using equalities (1), (2) and Proposition 13.11 {iv). we get 

^i{x) = ^i{^m{x)) = ^i{S{^m{x)) = ip-\S{^M{x))) (3) 
for any x G M. 

Taking in (3) i/) = and letting £^ as we obtain the statement 
of Theorem 13.21 □ 

Due to Theorem 13.21 the *-algebra B = C{Q)c is ^-isomorphic to a 
von Neumann subalgebra in Z{M). Therefore i3 is a commutative von 
Neumann algebra, and *-algebra Coo{Q)c is identified with *-algebra 
S{B). In particular, there exists a separating family of completely addi- 
tive scalar- valued measures on B{F), and therefore F is a Kantorovich- 
Pinsker space ([1], 1.4.10). 

We claim that a version of Radon-Nikodym-type theorem is valid for 
a Maharam trace $. For this, we need the space L^{M, $) of operators 
from S{M) to be integrable with respect to $. 
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Let F be a Kantorovich-Pinsker space and let $ be an Fc-valued 
Maharam trace on the von Neumann algebra M. The net {xa} C S{M) 

converges to x G S{M) with respect to the trace $ (notation: Xa x) 
if $(Ff - x\)) ^ for all A > 0. 

O 4- * *(*^) 

Proposition 6.6. Xa — ^ x iff Xa — ^ x. 

Proof. Let u he a faithful normal semi-finite numerical trace on B. 
Choose {ej}jg/ to be a set of nonzero mutually orthogonal projec- 
tions from P{B) with supcj = 1^ and i^(ej) < oo,i E I. Set Ti{x) = 

h'{^{x)^{l)^^ei) , X E M, i G /. It is clear that {rj}jg/ is a separating 

family of finite traces on M. Due to Proposition 12.21 Xa ^ x if and 
only if Ti{E^{\xa — x\)) — for all A > 0,i G /. The last convergence 

is equivalent to convergence ^{E^{\xa — x\)) 0. □ 

For each x G M, let ||x||$ = $(|x|). Proposition 13. II implies that || ■ ||$ 
is an F-valued norm on M. In addition, ||x||$ = ||x*||$ = || |x| ||$ and 
||ax6||$ < ||a||M||&||M||a^||<i> for all x,a,b E M. 

We have <!>{E^{\x^ - x\)) < I), A > 0, G M. Hence 

j I 1 1 $ 

— > implies and therefore (Proposition 

[331). 



An operator x G S{M) is said to be ^-integrable if there exists a 

sequence {xn} C M such that Xn x and \\xn — Xm\\'S> as 
n,m ^ oo. Denote by L^(M, $) the set of all $-integrable opera- 
tors from S{M). It is clear that M C L^{M,^) and L\M,^) is a 
linear subset of S{M). It follows from Proposition 13.11 and 13.31 that 
ML^{M, <I>)M C L\M, $) and x* G ^^(M, $) for all x G L\M, 
We now define an S'/i(i3)-valued L^-norm on L^{M, $). 

Proposition 3.4. // x„ G M, x„ -^^^ 0, ||x,„ — Xm||<i> 0, then 

$(K|)^o. 

Proo/. Since | ||x„||$ - ||x„,||$| < ||x„ - x„||$, $(|x„|) = ||x„||<i, is a 
Cauchy sequence in {S{B),t{B)). Because of the completeness of *- 

algebra {S{B),t{B)), there exists / G S+{B) such that $(|x„|) ^ /. 
We claim that / = 0. First, we assume that algebra B is a-finite. 
Then there exists a faithful normal finite numerical trace u on B. We 
have $(|x„|) — ^ / and the sequence {$(|x„|)} has an (o)- convergent 
subsequence. Therefore, as usual, we may and do assume that the 

sequence {$(|x„|)} (o)-converges to / in Sh{B) (notation: $(|x„|) 
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/). Hence, there exists g = sup^d^^l) in ShiB). It is clear that 

n>l 

t{x) = u{^x){1f + g + ^1))-^) (4) 

is a faithful normal finite numerical trace on M. Since topologies and 
t{B) coincide, $(| 

^^ml) 0. Therefore inequalities < 
\)<2g, imply r( I I) 0. It is known that (L^(M, r), || is 

complete, where = t{\x\) p. Hence there exists x G L^{M,t) C 

S{M) such that — and therefore, x„ x [10]. Because 
of the equality of topologies and t{M), we have x = 0. This means 
that r(|x„|) 0, i.e. $(|x„|) 0. 

Now let i3 be a general (not necessarily cr-finite) von Neumann al- 
gebra. For each 7^ e G P{B), we set $e(a^) = $(a;)e, x G M. It 
is clear that $e is a normal iS'/i(i3e)-valued trace on M, which does 
not have, generally speaking, the faithfulness property. A projection 
s($e) = 1 ~ sup{p G P{M) : $e(p) = 0} is called the support trace of 
$e- As well as in the case of numerical traces ( see, for example, 0], 5.15, 
7.13), one can establish that s($e) G P{Z{M)) and <l>e(x) = $e(a:s($e)) 
is a faithful normal S'/i(e;B)-valued trace on Ms($e)- 

If $(|a;„|) 0, then there is a nonzero cr-finite projection e G -P(i3) 
such that $(1x^1)6 where is a faithful normal finite numerical 
trace on Be. The last contradicts to what we proved above. □ 

Let x G L"'^(M, $), Xn G M, x„ x and ||x„ — -— ^ 0. 
The inequality — < $(|x„ — Xm\) and completeness of 

the *-algebra {S{B),t{B)) guarantees the existence of G 

such that ^{xn) ^^—^ $(2;). Due to Proposition 13. 4[ does not 

depend on the choice of a sequence {x„} C M, for which 

and — Xm\\<s> -—^ 0, in particular, $(a;) = for all x E M. The 
element is called an S{B)-valued integral of x G L^(M, $) by a 

trace 

It follows immediately from the definition of $ and Proposition 13.11 
that $ is a linear mapping from L^{M, $) into S{B) and = ^{yx) 

for any x E M,y e L^(M, $). For each x G L^(M, we set = 
$(|x|). 

Theorem 3.5. (i) The mapping \\ ■ ||$ is an Sh{B) -valued norm on 
L\M, 

(m) (L^(M, $), II ■ 11$) is a Banach-Kantorovich space. 
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Proof, (i) Let x G L^{M, $), x„ G M, x„ x and — Xmll* -—^ 0. 









1 '^n 1 




a; 



that II |a;„| — |xm| 11$ -—^ 0. 

First, we assume that algebra B is cr-finite. Using the same trick 



as in the proof of Proposition I3.4[ we can show that — > ^(x) 
in Sh{B). Therefore there exists g = sup|$(x„)| in Sh{B). Consider 

n>l 

a faithful normal finite numerical trace r on M defined by (4). Since 
I) as n,m oo (see the proof of Proposition 13^ . 
there exists y G L^{M,t) such that \\y — Xn\\i^T 0. Then Xn — ^ y, 
and therefore x = y. Moreover, | I (Proposition 12.2( 2)) and 

II l^^nl ||i,r = ||a^ri||i,r — ^ ll^l|i,r- It follows from ([lOj, Theorem 3.7) that 
II 1^1 ~ \^n\ \\i,T 0, in particular, r(| |x„| — |xm| |) — > as n, m — > cxd. 
Convergence $(| |2;„| — 1x^1 |)(1f + fi' + '^'(1))^"'" — implies || |x„| — 
I I II n 

\^m\ ||<1> ^ U. 

Hence, |x| G L^{M, $) and $(|a;„|) -^^ — ^ '^'(la^l)- In particular, ||x||$ = 
$(|x|) > for all x G L^(M,$). If $(|a;|) = 0, then < ||x„||$ = 

$(|x„|) ^^—^ 0. Hence, Xn 0, and therefore x = 0. 

Let now B be not a cr-finite algebra. Let {ejjjg/ be a family of nonzero 

mutually orthogonal a-finite projections in B with supcj = If- Since 

^ ^ ''^'^ 

sups(<l>ej = 1 and ^{\x\)ei = <l>e^(|a;|s($ej) > for all i e I, we get 

iei ^ 

$(|x|) > 0. Similarly, the equality $(|a;|) = implies $ei(|a;|s($ej) = 
0, and therefore |x|s($ej = for all i E I. Hence, x = 0. 
Finally, we have 

||a; + ?/||$ < ||a;||$ + ||?/||$, x,y E L^{M, $), 

due to the inequality |x + ?/| < w|x|-u* + f 1^1^*, x,y E S{M) (see [7J, 
§2.4) and the trick in Proposition 13.11 (f). 

(ii) Let X E L^(M, $), x„ G M, x„ x and ||x„ — Xm\\<s> -—^ 0. 

Fix m and set ynm = Xn — Xm for n > m. We have ynm x — a;^ 

and ll^nm — ?/A:m||<i> as u, k ^ OO. It follows from the proof of (z) 

that $(|?/„rri|) ^ $(|x - x^l) = ||x - x^ll*. Sluce $(|?/„r«|) ^ as 

II II n 

n, m — > oo, ||x — Xm||<i) — ^ U. 

Let us now show that any (6o)-Cauchy sequence in (L^(M, $), || ■ ||$) 

(6o)-converges. 
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First, we assume that i3 is a a-finite von Neumann algebra. Let 
{xn} C L^{M, $) and — Xmll* 0. Since $ is a positive mapping 
(see the proof of item (z)), the inequality ^{E^{\xn — Xm\)) < j^{\xn — 
A > is vahd. Hence, {xn} is a Cauchy sequence in (S'(M), t(M)) 

and therefore there exists x G S{M) such that Choose a 

system {Un} of closed neighborhoods of in {S{B),t{B)) with Un+i + 
Un+i C Un, n = 1,2, . . . . Due to what we proved above, for any x„ G 
L^(M, there exists ?/„ G M such that \\xn — yn\\<s> ^ Un- Since 

m oo 

Yl W^n — 2/n||$ £ Uk for all m > + 1, the series Yl W^n ^ ?/n||<i> 

n=fc+l n=fc+l 

converges in (S'(S), i(M)). Hence, — ?/„||<i> 0, and therefore 
WUn — ym\\<s> 0. Also, by Proposition 13.31 we get x„ — y„ 0, and 
consequently y„ -—>■ x. This means that x G L^(M, $), in addition, 

II II n J II II II II 

If - — > and - ?/m||$ — > |F " l/mll* as n ^ oo. 
Since ||x - ym\\<s> < sup ||?/„ - y^lk i 0, we get \\x - ym\\<s> and 

n>m 

therefore \\x — a:;„,||$ 0. 

Now let {xa}aeA be an arbitrary (f)o)-Cauchy net in L-'^(M, $), i.e. 
sup \\xa — x^\\q> I 0. We choose a sequence of indices ai < a2 < ■ ■ ■ < 

q;„ < . . . in A such that sup \\Xj3 — Xq,,J|$ G f/„. Then sup \\xa„ — 

f3>a„ n,m>k 

^amW^ ^ Uk, and therefore {xa„} is a (6o)-Cauchy sequence in L^{M, $). 
It follows from what we proved above that there exists x G L^{M, $) 

such that ||x — a^anlk 0- Let us claim that ||x — Xa^^ --^ 0, i.e. 
(sup II ) I 0. Fix 13 & A and consider the net {xa\a>i3- We 

a>/3 

construct a sequence of indices (3 < j3i < < ■ ■ ■ such that 
Then \\xjs^ — Xa^\\q, G f/„, and therefore Wx^^ — Xq,^||$ 0. Hence, 
11^ ~ ^Aill* and ||a;/3^ — xp^q, ||x — s^H-i. as n ^ oo. Thus, 
llx - x,\U < sup ||x,„ - x,U < sup llx. - xp\W and ||x - x,|U ^ 0. 

n>l a>/3 

Let now B be not a a-finite algebra and let {xa} be a (feo)-Cauchy 
net in L^(M, $). Due to the completeness of {S{M),t{M)), there is 

X G S'(M) such that Xq, x. Let {ej}jg/ be the same family of 
projections in B, as in the proof of {i). It is clear that {xas{^ei)} is a 
(6o)-Cauchy net in (Ms ($£.), $ej) and therefore, by virtue of what 
we proved above, there exists Xi G L^(Ms($eJ) '^'ej such that ||xj — 
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x^s{<^eM'f.- ^ 0. Converg S($ej ^ ^■5($e.) implies Xi = 

a;s($ej for all i G /. Thus, ${\x-Xa\)ei = - ^a\s{^e,))ei 

and \\x — 0. 

Hence, {L^{M,^), \\ ■ ||$) is a (6o)-complete lattice-normed space. 

Now let us show that {L^{M,^),\\ ■ ||$) is a Banach-Kantorovich 
space, i.e. for any element x G L^(M, $) and any decomposition 
||a;||<i. = fi + /2, /i,/2 G S+{B), /i A /2 = 0, there exist xi,X2 e 
L^{M, $) such that x = xi + X2 and = fi, i = 1, 2. 

Set Cj = It is clear that G P{B), 6162 = 0, 61 + 62 = s(||x||<i,). 

Since $ is a Maharam trace, we have $(?/) = ^{l)ip{£{^M{.y))), y & M 
(see Theorem 13. 2p . Let pt = ip^^{ei), Xi = xpi. Since Pi G P{A) C 
P{Z{M)), \xi\ = \x\pi G Li(M,<l>). We choose ?/„ G M such that 

yn X and \\yn-ym\\'S> ^ 0. Then \x\, \\ \yn\-\ym\ ||$ ^ 

and $(|i/„|) ^ (see the proof of (i)). Set yi*^ = i = 1,2. 

We have -^^ \xi\ and || - \ym \ ||$ < || - \ym\ \\<s>- Hence, 
$(|?/n^|) -—^ $(|xj|). Due to the property 3) from Theorem 13. 2[ we 
have myli^l) = ^(p^)$(||/n|) = 6,<l>(|y„|). 

Thus, \\xi\\<s> = ^{\xi\) = ei$(|x|) = fi, in addition xi + X2 = 
x{pi + P2) = x^/J~^{s{\\x\\ ,;>)). As well as above, one can establish that 
g$(|x|) = $(|a;|'0~^(g)) for all q G P{B). Taking q = Ip - s(||x||<i,), we 
get $(|x|)(l — '?/'^-'-(s(||2;||$))) = 0. Hence, \x\ = \x\ip^^{s{\\x\\^)). Using 
the polar decomposition x = u\x\, we obtain x = X'0~^(s(||2;||$)) = 
X1 + X2. □ 

Note another useful properties of mapping 

Let $, M, Q, $M, A, ^jj be the same as in TheoremESl B = C{Q)c- 
It is clear that the ^-isomorphism ip from A onto B can be extended 
to the ^-isomorphism from S{A) onto S{B). We denote this mapping 
also by -0. 

Proposition 3.6. S{A)L^{M,^) C L^(M, $), in particular, S{A) C 
L^(M, $), in addition, ^{zx) = tlj{z)^{x) and $($m(2:x)) = ^{zx) for 
allze S{A), X G L\M,<!>). 

Proof. It is sufficient to show that x G L^M, $), z G <5'+(^) implies 
zx G L^(M, $) and $(2;x) = iIj{z)^{x), ^{^Mizx)) = ^{zx). 

Let Zn = En{z)z. It is clear that Zn G A+, z^ t -z, -Zn^^ ^ -^+(^^, 
Since z„x = ^Jxzn^fx \ ^Jxz^Jx = zx, we get 

1p{Zn)^x) = ^ZnX) < ^Z^+lX) = llj{Zn+l)^x) j 'lp{z)${x). 
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Hence, 

sup \\ZnX - ZmX\\q, = SUp {^{z^x) - ${ZjnX)\ [ 0, 
n>m n>m 

i.e. {znx} is a (6o)-Cauchy sequence. By Theorem 13.51 there exists y G 
L^{M, $) such that ||z„x— y||<j, 0. The inequahty ^{E^{\znX—y\) < 
j^{\znX — y\) imphes ZnX y. Therefore y = zx, i.e. zx G L^{M, $). 

In addition, i(j{zn)^{x) = ^{znx) = \\ X 1 1 ^ ^ 1 1 Z X II = ^{zx). Hence, 
^{zx) = ■ip{z)^{x). 

Set Xk = Ek{x)x. Then < x^ ^ x, G M. By virtue of Proposition 

^{ZnXk) = ^{^M{ZnXk)) = (z^^ m {x k)) ■ Siuce {ZnXk) T (ZnX) 

ask ^ oo, we have ^(znXk) T $(2:^2;) and ^{^M{znXk)) T $($A/(-2na;)). 
Therefore $(2;„x) = ^{^M{znx)) for all ri = 1,2, ... . After switching 
to the limit as ^ 00, we obtain ^{zx) = ^{^m{zx)) □ 

Let $ be an Fc-valued Maharam trace on M and let \l/ be a nor- 
mal Fc-valued trace on M. A trace \i/ is called absolutely continu- 
ous with respect to $ (notation \I' ^ $) if s(\E'(p)) < s($(p)) for 
all p G P{M). The last condition is equivalent to inclusion \E'(p) G 
= s($(p)),Sft(i3), p G P(M) where := {x G : {Wy G 

i?)|x| A I?/ 1 = 0} for a nonempty subset B C Sh{E) (compare with pLj, 
6.1.11). 

The next theorem is a non-commutative version of the Radon-Niko- 
dym-type theorem for Maharam traces. 

Theorem 3.7. Let $ he an Fc-valued Maharam trace on the von 
Neumann algebra M. If is a normal Fc-valued trace on M ab- 
solutely continuous with respect to $, then there exists an operator 
y G L^(M, $) n S{Z{M)) such that 

'^{x) = ^{yx) 

for all X E M. 

Proof. Let / be the restriction of \l/ on the complete Boolean algebra 
P{Z{M)), and let m be the restriction of $ on P{Z{M)). Obviously, 
/ and m are S'/i(i3)-valued completely additive measures on P{Z{M)). 
In addition, m{ze) = ip{z)m{e) for all z G P{A), e G P{Z{M)) (see 
Theorem 13.21) . Hence, m is a -^-modular measure on P[Z{M)) (see 
[1], 6.1.9). Since the measure / is absolutely continuous with respect 
to m, by the Radon-Nikodym-type theorem from (p], 6.1.11), there 
exists y G L\{Z{M),m) = L\{Z{M),(^) such that /(e) = $(ye) for all 
e G P{Z{M)). 
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If a = ^ AjCi is a simple element from Z{M), where Aj G C, G 

i=l 

n " ^ 

P(Z(M)), I = l,...,n, then ^(a) = E A^*(e.) = E Ai$(?/e,) = 

j=l i=l 

$(?ya). Let a G ■Z'+(M) and {a„} be a sequence of simple elements 
from Z+{M) with a„ j a. Then \E'(a„) | ^'(a), ?/a„ t and $(j/an) t 
$(?/a) (see the proof of Proposition 13.61) . Hence, ^'(a) = ^{ya) for 
all a G -Z'+(M). Now using the linearity of traces \E' and $, we obtain 
vl>(a) = 8(j/a) for all a G M. 

Furthermore, due to Propositions I3.1( zti) and 13.61 we get 

^{x) = ^{^Mix)) = $(?/$M(a:)) = $($mM) = $M 
for all X G M. □ 

Remark 3.8. If is a normal F^-valued trace on M and \E' -C $, 

then \& possesses the Maharam property. 

In fact, by Theorem 13.71 \E'(x) = for all a; G M where y G 

L\{M,^) n ^(Z(M)). Let ^ X G M+, / < ^(x), / G ^ G 

S'+(i3), 5'\I'(x) = s(\E'(x). Set h = gf, z = 'i/j~^{h), a = zx. Then 
< /i < 5(^(x) = s(^(x)) < If, < 2 < 1, < a < x and 

^(a) = $(2/a) = $(2;yx) = = /i^(x) = /s(^(x)) = /. 
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